The advent of broad-band seismology has meant that use is being made of a wide range of seismic phases, for many of which ellipticity corrections have not been readily available. In particular, when many seismic phases are used in location schemes, it is important that the systematic effects of ellipticity are included for each phase.
INTRODUCTION
As methods for the delineation of the 3-D structure from seismic arrivals have been developed, a wider range of seismic phases have begun to be used. It is important, therefore, that the influence of the ellipticity of the figure of the Earth on seismic traveltimes be taken into account in a comparable way for each seismic phase. The same need arises in the exploitation of later seismic phases in rapid earthquake location using a sparse global array; the systematic effects of ellipticity must be included for all phases used in the location procedure.
The normal model for the calculations of traveltimes for seismic phases is to use a spherical earth with a radial distribution of velocity; aspherical effects are then included via a perturbation treatment. An important component of such asphericity arises from the ellipticity of the figure of the Earth. The resulting influence on the traveltime of a seismic phase will then depend on the location of the source and receiver points, rather than just the epicentral distance A between them. For a source at co-latitude go, and a path with azimuth [ to the receiver (measured clockwise from north), Bullen (1937a) introduced triple-entry correction tables 6t = at($,, A, () to evaluate the ellipticity correction for P waves; these were later extended to polar latitudes (cf : Engdahl & Gunst 1966) . Dziewonski & Gilbert (1976) have developed an elegant representation of the influence of ellipticity on traveltimes and have demonstrated the significance of source depth, zs, in determining the appropriate corrections. For a seismic phase the correction can be built up from three spherical harmonic components of order 2: 2 6t = c cm(z,, A)P,,,(cos go) cos mi m=O The coefficients om(z,, A) represent ray-path integrals in terms of the radial velocity distribution u(r) as an integral over epicentral distance. Introducing Am(@) as a scaled associated Legendre function, is the Earth's ellipticity of figure, and the effect of source depth is implicit in the dependence of r on 0 along the ray. The summations represent the influence of discontinuities in velocity (0) in transmission ( j ) and reflection (k). Doornbos (1988) has shown how the integrals for om(zs, A) can alternatively be formulated in terms of integrals over radius without sacrificing the convenience of the representation (1.1). Note that the ellipticity coefficients were designated by 7, by Dziewonski & Gilbert (1976) ; we have changed to the notation om to avoid conflict with the well-established usage z ( p ) for the delay time, which is also used in Section 2.1.
Dziewonski & Gilbert (1976) presented a tabulation of ellipticity corrections using the om(z,, A) formulation for the phases P, PcP, PKP,,,,,,,, S, ScS, SKS using the pem model of Dziewonski, Hales & Lapwood (1975) . Corrections were given for depths of 0, 300 and 650 km. The perturbations in traveltime are fortunately relatively insensitive to the particular velocity model that is employed. Kennett (1991) extended the om(zs,A) tabulation using the iasp91 model of Kennett & Engdahl (1991) to include a finer tabulation in depth (zs=O, 35, 50, 10, 200, 300, 500 and 700km) and additional phases SKS,,,,d,, ScP and SKP.
In this paper we demonstrate the convenience of combining the Buland & Chapman (1983) tau-spline procedure for calculating traveltimes, as used by Kennett & Engdahl(1991) , with the Doornbos (1988) calculation of the om ellipticity coefficients using ray integrals. An extensive range of ellipticity coefficients have been tabulated and are available in electronic form. The correction procedures have been extended to include an allowance for diffraction phenomena, as for example at the core-mantle boundary in Pdiff, &iff. Further, we demonstrate how to combine the om coefficients for different phases to produce corrections for cases where the coefficients have not been tabulated.
ELLIPTICITY CORRECTIONS
In terms of the om(z,, A) coefficients, the explicit representation of the time correction to be added to the value calculated for a spherically symmetrical earth model is + -sin' 9, cos 2j02(zs, A), 2 where, as before, 9, is the epicentral co-latitude, A is the epicentral distance, 5 is the azimuth from the epicentre to the receiver, and z, is source depth. Doornbos (1988) has presented an effective algorithm for the computation of the om ellipticity coefficients that depends on a specification of the ray parameter for any particular phase. This approach is based on the computation of ray integrals for fixed slowness and in consequence needs to be coupled to an auxiliary routine if corrections are to be produced for fixed epicentral distance, A.
Ray-based corrections
Buland & Chapman ( 1983) have introduced the tau-spline method for rapid construction of traveltimes as explicit functions of range. This method is based on the properties of the delay time z, correspond to geometrical arrivals for the range x . With a tauspline representation of z(p) for each traveltime branch, the condition aQ(p, x)/@ = 0 leads to the solution of a quadratic to find the slowness, p x , and then a rapid evaluation of the traveltime for range x from (2.4)
The tau-splines can be established for many phases at a time by using a common-slowness discretization and the superposition of 7 segments for different ray segments. The appropriate software has been widely distributed with the release of the iasp91 model (Kennett & Engdahl 1991) and can be readily adapted to different radial velocity models. The output from the Buland & Chapman (1983) algorithm is ideally suited for use with Doornbos' (1988) ellipticity corrections because the slowness is known explicitly for a given range and phase specification. Thus, provided a ray description is available, the ellipticity coefficients, om, can be calculated rapidly and a cross-check made of the accuracy of the calculation by comparison of the estimated and desired range. For the model ak135 of Kennett, Engdahl & Buland (19959, which is specified by linear gradients in radius, the convergence is better than 0.025" for all the major phases.
This combination of ray algorithms has been used to develop an extensive set of ellipticity corrections in the form of om coefficients as a function of depth, zs, and range, A (see Table 1 ). These corrections are available in electronic form as detailed in Appendix B.
In the application of such ellipticity corrections, care must be taken where interpolation is applied to ensure that the corrections correspond to the same class of propagation path. It is important to separate the upgoing P and S waves from deep events (Pup, Sup in Table 1 ) from the main P and S, which have a separate ray specification.
As noted by Dziewonski & Gilbert (1976) the ellipticity corrections for P and S phases having comparable paths scale very closely with a constant of proportionality that varies from 1.801 to 1.834, i.e. 1.82 0.015, despite the considerable variation in the ratios of P to S wave speed with depth. The constant of proportionality is very close to the value of 1.8 proposed by Bullen (1937b) . The simple rescaling works well for mantle phases, such as PcP and ScS, but cannot be applied where the propagation paths have different characters, as for example core phases such as P K P and SKS.
Diffracted phases
The ellipticity coefficients for a diffracted phase can be determined from the values at the grazing point on the appropriate interface. For a given source depth, zs, and epicentral distance for the grazing ray, A,, we construct the coefficients for the grazing ray:
afXzs3 A,), of(z,, A,), af(zs9 A,) ' As detailed in Appendix A, the ellipticity coefficients for diffracted waves are specified by two integrals along the upward leg of the grazing ray:
The change in arc length due to ellipticity is second order in E and may therefore be ignored.
The 0: coefficients for the diffracted phase may then be constructed from those at grazing, c r i , by cr:(zs, A, + 6) = af(z,, A,) + sin 6(X sin 6 + Y cos a),
where 6 is the arc distance of diffraction. Only two numerical integrals need to be evaluated to generate the new coefficients. The integrals X and Y are weakly dependent on source depth through the variation in epicentral distance of the grazing point.
The sets of cr coefficients for Pdi, and Sdiff diffracted at the core-mantle boundary are illustrated in Fig. 1 as functions of epicentral distance, together with those for P and S. As we expect, there is a smooth transition from the phase defined by a geometric ray to the diffracted phase. For short diffracted legs a simple extrapolation of the geometric results provides an adequate approximation.
The cr coefficients for Pdie and Sdi, are tabulated in Tables  2 and 3 in comparable form to that employed in Kennett (1991) for P and S.
COMBINATION OF ELLIPTICITY CORRECTIONS FOR COMPOSITE PHASES
The form of the ellipticity correction (1.2) is the same for all phases with the coefficients om being the only phase-dependent quantity. Thus, if we can construct the wave path of a particular phase as a combination of two or more elementary phases (e.g. P K K P as a combination of P K P and PcP), we can not only construct the correction for the composite phase from the corrections for the elementary phases, but also construct the cr, tables for the composite phase by a linear combination of the om tables for the elementary phases. Consider, for example, a surface-reflected phase with two legs, a and b, where the point of reflection lies at Aa, so that the two propagation legs are (O,Aa) and (Aa,A) (see Fig.2 ). The corrections could be determined by calculating the coefficients for the Aa leg and then introducing an apparent source at the reflection point to build a further correction for the arc length Jr. The derivation of these expressions is presented in Appendix A.
As a quick check on the composition rules we compared a direct calculation for the coefficients for PP at 60", which is composed of two P legs of 30" each, with the results from the application of (3.1)-( 3.4) . The resulting coefficients differ by no more than 0.006 s, which reflects the truncation errors associated with tabulated values.
More complex combinations of phases can also be made by exploiting the linear superposition of the corrections for different propagation paths. Consider for example, P K K P , which can be constructed from the information from P K P and PcP. For a full propagation path, A, we can build the traveltime for PKKP by a combination of two P K P legs with the subtraction of a PcP segment: Aa and A, are the arc lengths of the two P K P legs, which have to be found by matching the ray parameter.
The a , coefficients for P K K P are then found from a linear combination of the coefficients for the PKP and PcP components: 
DISCUSSION
Although the significance of the Earth's ellipticity on traveltimes has long been recognised, applications have been restricted to a few major phases. The extension of the corrections for diffracted phases and for combinations of seismic phases means that it is now feasible to generate corrections for most observable body-wave phases.
We hope that the provision of a wide range of ellipticity coefficients in readily usable electronic form will encourage the systematic inclusion of the effects of ellipticity in both regional and global studies. Kennett, B.L.N., Engdahl, E.R. & Buland, R., 1995 . Constraints on seismic velocities in the Earth from traveltimes, Geophys. J. Int.,
429-465.
122, 108-124.
APPENDIX A: CORRECTIONS FOR D I F F R A C T E D A N D COMPOSITE PHASES A1 Diffracted phases
The geometry of a phase diffracted around a spherical boundary within the Earth is shown and defined in Fig. Al . Energy is radiated downwards from the source at S at a particular angle defining a ray parameter, p = p g , such that when the wave refracts towards the boundary it grazes it at point G, an arc length Aa away from the source. The ray path then refracts upwards towards point P on the surface a further arc length A, from G. The continuous solid curve in the figure (SGP) defines the grazing ray to the boundary. Some energy may diffract along the boundary from G to H, where it is refracted upwards again to reach the surface at R, an arc length A = A, + Ab + 6 away from the source. At high frequencies the diffracted energy is confined to the upper edge of the boundary and has a predictable traveltime, which is constructed by a path integral of the slowness of the Earth along the path (SGHR) shown in Fig.Al, albeit not a ' ray' path. The geometry of this path and the slowness encountered along it, and consequently the predicted traveltime, will be perturbed by the Earth's ellipticity in a manner much like a true 'ray' path, as formulated by Dziewonski & Gilbert (1976) . We can divide the path SGHR (see Fig. A l ) into three segments, SG, GH, and HR, and thus construct the perturbation due to ellipticity by combining three contributions. The first and third path segments are 'ray' paths and may be treated as such using the results of Dziewonski & Gilbert (1976) . The middle segment, GH, encounters a slowness equal to the slowness at the top side of the boundary in the spherical reference earth model used. It therefore suffers no effect other than that due to the change of arc length along the boundary. This in turn is second order in E, the Earths ellipticity of figure, and may be ignored. We are then left with the 'ray'-path effects along segments SG and HR.
Before commencing the derivation from the formulation of Dziewonski & Gilbert (1976), it is convenient to simplify their result (eq. 1.3) by defining and depending upon the nature of the interaction with the particular boundary in the Earth, which here is labelled i. We then have a more compact expression for the coefficients cr, :
We can now follow Dziewonski & Gilbert (1976) and write Ag + 6) = uf(z,, Ag) --sin 6(X sin 6 + Y cos 6).
Jr (A101
Note that relative to the grazing ray, the change in the B, tables is expandable in terms of sin 6, where 6 is the arc length of diffraction. Thus, for a short diffraction distance the CT,,, tables for the diffracted phase are well represented by a linear extrapolation of the tables for the associated geometrical ray. It is apparent in Fig. 1 that the ellipticity coefficients are continuous to first order across the transition from an optical path to a diffracted path (dashed vertical lines). It is possible to show analytically that this is the case for surface focus paths (S at the surface) and is approximately so in general. The proof of this statement is beyond the scope of this paper. This is potentially useful because if one has the coefficients sufficiently accurately tabulated for the refracted phase one can estimate the integrals X and Y from their derivatives.
It is worth noting that while Fig. A1 draws the diffraction boundary near the core-mantle boundary and our numerical examples are for diffractions around the core-mantle boundary, the arguments and derivation above apply to diffractions around arbitrary spherical boundaries in the Earth. Our derivation holds true whenever the predicted time of the diffracted phase is constructed by a path integral akin to the path depicted in Fig. Al . The derivation applies for example to diffractions off the caustics of upper-mantle triplications.
It is also worth noting that our description of the diffracted path involves a high-frequency assumption. High-frequency diffractions decay rapidly with propagation distance, and the traveltime of diffracted waves is dispersive. The change of traveltime with frequency can be understood in terms of a change in the diffraction geometry. We have not explored the potential deviations from the above derivation due to finite frequency.
A2 Composite phases
If we can construct a wave path of a particular phase as a combination of two or more elementary phases we can evaluate the ellipticity correction for the composite phase by adding the corrections for the elementary phases according to eq. (1.2) using the appropriate epicentral distances, co-latitudes and azimuths. Because the form of the ellipticity corrections is the same for all phases, we can go further and construct the tables of ellipticity coefficients, B,, for the composite phase from the B, coefficients of the elementary phases. We start by introducing the shorthand g,(fJ, 0 = Pz,,(cos 0) cos m i .
( A l l )
We can then write the ellipticity correction for the composite phase, at", either in terms of the coefficients for the composite phase, C T~, or in terms of the coefficients for the elementary phases, 0 : and B: (see Fig. A2 for definitions of geometry): Figure A2 . Geometric relations on a sphere for phase addition.
In order to construct the coefficients 0; we need to transcribe the terms involving Qp and ip, which arise through the shift of the origin of the path for phase b, in terms of OS and is. We utilize the following relationships from spherical trigonometry (we apply the sine and cosine rules to the left-hand-side triangle in Fig. A2): sin <,/sin 0, = sin(7c -<,)/sin 0, = sin [,/sin 6,; cos 0, = cos Qs cos Aa + sin 0, sin A, cos is ; cos BS = cos 0, cos Aa + sin 0, sin Aa cos 5, ; from which we arrive at sin 0, sin i, = sin BS sin is , sin 0, cos i, = sin Aa cos 0, -cos Aa sin 0, cos is by simple algebraic manipulation. We can now rewrite the terms of eq. ( A l l ) that involve 0, and ip, the terms g,(Q,, i,), as g,(Q,, is) with weights that depend upon the angular distance of the shift of origin of phase b from that of phase c, Aa.
It is now straightforward to match terms in eq. (All) and write the ellipticity correction coefficients for phase c, a : , , in terms of the coefficients for the elementary phases: ('414)
In order to implement these expressions one needs to match the ray parameters of phases a, b, and c in order to determine Aa and A, from A and then the a, tables of phases a and b can be combined to calculate the tables for phase c.
APPENDIX B: ELECTRONIC FORMS FOR ELLIPTICITY CORRECTIONS
A Fortran subroutine ellip provides access to the ellipticity corrections for a given source location, epicentral distance and azimuth using direct access tables of the am coefficients (as specified in Table 1 . This subroutine and the necessary direct access table ellipcor.tbl are available using anonymous ftp at the following sites:
(1) the Research School of Earth Sciences, Australian National University, Canberra, Australia: rses.anu.edu.au (2) the IRIS Data Management Centre in Seattle, Washington, USA: iris.washington.edu (3) the National Earthquake Information Centre, US Geological Survey, Golden, Colorado, USA: gldfs.cr.usgs.-gov, directory ellip A further program ttimel provides combined access to rapid calculation of seismic traveltimes, using the ak135 model of Kennett et al. (1995) , with ellipticity corrections for the full range of phases in Table 1 .
